Detection efficiency loophole poses a significant problem for experimental tests of Bell inequalities. Recently discovered Pusey-Barrett-Rudolph theorem suffers from the same vulnerability. To test it in an experiment one has two choices: Make either a fair sampling assumption, which means that the detection probability for each event does not depend on the measurement choice. This is deeply unsatisfying from the foundational point of view and a lot of effort has been put into violating Bell inequalities without it. Another possibility is to introduce an additional assumption about the structure of the space of the hidden variables. In this paper we propose an additional assumption and calculate the critical detection efficiency, below which PBR's argument on ontic nature of quantum state is inconclusive.
I. INTRODUCTION
The status of the quantum state has been a topic of a long standing discussion. Three different views exist in physics community. The orthodox one: the quantum state is a theoretical description of a statistical ensemble of equivalently prepared systems. For recent expositions, see e.g. [1] . There are no underlying hidden,"proper" states for individual systems, or hidden variables. Another school of thought, the ontic interpretation sees quantum state as a real physical object, an inherent property of an individual quantum system. Underlying (additional) hidden states exist, but they uniquely point to the quantum state (two different quantum states do not share hidden states). The other point of view, the epistemic one, considers, like the orthodox one, a quantum state as a mere mathematical object to calculate probability of certain events, it is a state of knowledge, [2] . However, a more basic description of the system is possible with the use of some hidden states/variables. Bell's Theorem tells us that these variables cannot be local but it does not exclude the possibility of non-local ones like particle's position in Bohmian mechanics.
The Pusey-Barrett-Rudolph (PBR) Theorem [3] , is a major advancement in the studies of the relations between ontic and epistemic views (with respect to the orthodox view, it does not exclude it). It states that, if the results of the experiments are in agreement with quantum predictions then hidden variables must contain the wave function. In other words it has to be real. This result got much attention and experiments followed soon [5] [6]. However, like all the experiments probing the foundations of quantum mechanics it suffers from the Detection Efficiency Loophole (DEL), i.e. the possibility that the seemingly quantum effect is due to post-selection of the events to the obvious sub-sample of the cases for which all the detectors stations relevant to the experiment register particles. In fact the effect of DEL is much more severe in the case of PBR then in Bell inequalities. In the latter case, for any inequality there exists a critical detection efficiency which, if attained it the experiment, rules out local hidden variable description with DEL. In the former however this efficiency is 100%. This makes PBR theorem not viable for experimental tests, see footnote [16] , unless some additional assumptions are made about hidden variables. With these assumptions finite critical efficiencies can be obtained. The purpose of this paper is to study the detection efficiency required for the PBR experiment under a certain, reasonable condition on the distribution of hidden variables.
First we present a short description of PBR argument. Then we discuss DEL in the context of Bell inequalities and explain why for PBR its effect is that much stronger. Next we move to the main part of our paper. We find the critical detection efficiency for the case where hidden variables underlying two different quantum states are required to have the same overlap as the states. Even with this assumption we obtain a very high critical detection efficiency, below which PBR's argument on ontic nature of quantum state is inconclusive.
II. PBR THEOREM
Recently Pusey et al. have proposed [3] a no-go theorem in support of the ontic nature of the quantum state which became an instant classic in foundations of physics. Within the non-orthodox view allowing for hidden states or variables, the authors have shown a unique relationship between hidden-physical reality and the quantum state. Below we briefly discuss the main features of their result.
Let's consider two different kinds of preparation processes resulting in two quantum states ψ 1 and ψ 2 . The hidden-physical state λ is not uniquely determined by corresponding preparation method, described in quantum mechanics by ψ, but is correlated to a probability distribution ρ ψ (λ). If two distinct supports corresponding to different distributions ρ ψ1 (λ) and ρ ψ2 (λ), related to two different quantum states overlap, then there is at least one hidden-physical state common to both distributions. If these distributions do not overlap, then there is no common hidden-physical state. Pusey et al. in their argument have proposed an experiment, in which if underlying hidden variable model can explain the probabilistic nature of quantum mechanics, it must be ontic in arXiv:1407.5577v2 [quant-ph] 22 Jul 2014 nature, i.e. ρ ψ1 (λ) and ρ ψ2 (λ) have disjoint supports. In ref [3] , authors have considered a specific joint measurement on a composite system with n independently prepared sub-systems. If probability distributions of hiddenphysical states corresponding to two different quantum states overlap, for the specific type of joint measurement, hidden-physical states common to overlap region lead to measurement outcomes which are forbidden in quantum mechanics. A diagram of a quantum circuit used in the gedanken-experiment [3] is presented in Fig. 1 .
PBR-argument is based on a joint measurement on a quantum circuit of n-qubits followed by a measurement on each qubit in the computational basis. The single qubit gates are defined as P φ = |0 0| + e iφ |1 1| and the Hadamard gate, |+ 0|+|− 1|. The entangling gate in the middle rotates only |00 · · · 00 , R ξ |00 · · · 00 = e iξ |00 · · · 00 . Each of the output ports is attached to single detector.
The construction of [3] runs as follows. One can consider a compound system, consisting of n subsystems. Each subsystem is prepared under conditions which exclude any interdependence between the sub-systems (e.g., the are prepared in mutually remote locations, at the same moment of time, etc.). The systems can be prepared in any one of the following 2 n possible states:
where x i ∈ 1, 2 and |ψ 1 >= cos
If there exists a hidden-physical state λ, for which ρ ψ1 (λ) > 0 and ρ ψ2 (λ) > 0 then there is a non-zero probability that ψ will be prepared in the state λ ⊗n (this notation means: all systems in the hidden state λ) regardless of the choices of x i 's. The measurement is chosen in such a way that, according to quantum mechanics, for every choice of x i one outcome, different for each combination of x i 's, is prohibited. The number of possible outcomes is the same as the number of possible preparations. This means that, if the theory is to be in agreement with quantum mechanics, the probability distribution of measurement outcomes that corresponds to the state λ ⊗n has to be zero for every outcome. This implies that the premise, i.e existence of λ, for which ρ ψ1 (λ) > 0 and ρ ψ2 (λ) > 0 is wrong, which leads us to the conclusion that there is one-to-one correspondence between hidden state λ and the quantum state described by it.
However, this argument implicitly assumes that the particles are always detected. If there exists a mechanism which makes at least one of the detectors not click when the measurement is done on the hidden state λ ⊗n then there is no contradiction. This problem is exactly the detection efficiency loophole well studied in the context of Bell inequalities. Since PBR argument does not provide us any way of estimating the probability with which λ ⊗n is generated we have no way of estimating how often the detectors should click to avoid this loophole. Therefore, extra assumptions are necessary.
III. BELL'S INEQUALITIES AND DETECTION LOOPHOLE
To experimentally refute the possibility of local, realistic description of the world one has to violate a Bell inequality making sure that the other conditions used to derive them (e.g., locality and freedom of choice) are satisfied. If this is not the case, local-realistic/causal theories cannot be falsified. One of the most importantloopholes is the detection efficiency loophole [8] .
In [9] an explicit local model that mimics quantum correlations for a singlet state and projective measurements, if the detection efficiency is below 67%. On the other hand, for every Bell inequality there exists a threshold detection efficiency above which it is known that local realism cannot explain its maximal violation. For the simplest case of two binary measurements on twoqubit entangled state the best known result is due to Eberhard [10] who showed that the critical detection efficiency for CH inequality [11] is 2 3 . For systems of higher dimension the threshold decreases exponentially with the dimension [12] . For multipartite Bell inequalities Cabello et al. [13] have shown that a detection efficiency of n 2n−1 is both necessary and sufficient to violate n-partite Mermin [14] inequalities.
In the next section we show that PBR theorem also suffers form detection efficiency loophole and derive the critical detection efficiency for it.
IV. DETECTION EFFICIENCY LOOPHOLE IN PBR THEOREM
Our aim is to find out critical detection efficiency below which PBR's argument on ontic nature of quantum states is vulnerable to the detection efficiency loophole.
If ontic description has to be true, then each hiddenphysical state must be uniquely linked to a single specific quantum state. If two different probability distributions corresponding to two hidden-physical states overlap, then there is an ambiguity in one to one relationship between hidden-physical state and quantum state. More precisely, there is a non zero probability that two different preparation methods corresponding to two quantum states may lead to same hidden-physical state. If there are n subsystems and one considers the 2 n possible combinations of states (1), for the epistemic approach there is an underlying hidden-physical state of the joint system λ ⊕n 0 , which can correspond to any of these. PBR's argument uses λ ⊕n 0 to prove a contradiction between ψ-epistemic theories and predictions of quantum mechanics. It suffices that one of the detectors used in the experiment does not click whenever the measured compound system is in the hidden state λ ⊕n 0 to save ψ-epistemic models from contradicting quantum predictions.
Let p 1 be the probability that the state hidden-physical state λ belongs to the overlap region of the supports of ψ 1 and ψ 2 . For simplicity we assume that the value of p 1 does not depend on the quantum state being prepared. The probability that for all n subsystems the hiddenphysical states are in this region is then P = p n 1 . In the circuit shown in Fig. 1 there are as many detectors as subsystems. Let each of them have detection efficiency η and that their detection probabilities are independent. Then the probability that at least one of them does not click is 1 − η n . If the detection loophole is to be responsible for the fact that no outcomes which contradict quantum mechanics are registered then P has to be lower or equal 1 − η n . This gives us a critical detection efficiency of a single detector expressed in the terms of probability that λ is in the overlap region
It is possible to rewrite the above formula by expressing n in the terms of the overlap between quantum states.
The measurement circuit given by PBR works as shown in [3] only if 2 arctan(2
where n is the number of subsystems and cos θ is the overlap between the quantum states, i.e., | ψ 1 |ψ 2 | = cos θ. We can rearrange (3) to get a necessary amount of subsystems as a function of the overlap. We obtain
where x is the smallest integer greater or equal x. Because PBR theorem does not say anything about how big p 1 can be it can be in principle arbitrarily small. Then the critical efficiency given by (2) will be arbitrarily close to 1. However this will not be the case if a correlation between the overlap of hidden-physical states p 1 and the quantum ones cos θ exists. Introducing such a correlation is the additional assumption that we make.
V. MAXIMALLY ψ-EPISTEMIC MODELS
The additional assumption that we now make is that the model that we are trying to falsify is maximally ψ -epistemic [15] . By definition it implies that p 1 = cos θ 2 . Maximally ψ-epistemic model can also be understood as one in which the union of the supports of any quantum basis states spans the whole space of hidden-physical states. Note that this implies that in the case of a two dimensional subspace, any pair of orthogonal states has the same union of supports.
a schematic diagram based on our argument to obtain optimal function for overlap between probability distributions of hidden-physical states. To see this consider following experiment 2, where |ψ 1 > is input state and |ψ 2 >, |ψ ⊥ 2 > are output states after the measurement. We define,
Thus, < ψ ⊥ 2 |ψ 2 >= 0. Also, < ψ 2 |ψ 1 > = 0 and < ψ ⊥ 2 |ψ 1 > = 0. In the epistemic case we assume that ρ ψ1 (λ)ρ ψ2 (λ) = 0 and ρ ψ1 (λ)ρ ψ ⊥ 2 (λ) = 0. In other words, there is common region in ontic space (hiddenphysical state space) on which two different probability distributions overlap. When system in state |ψ 1 > passes through a state discriminator 2, in which projective measurement is done in basis {|ψ 2 >, |ψ ⊥ 2 >}, where
After the measurement the probability to obtain state |ψ 2 > is, by Born's rule, | < ψ 2 |ψ 1 > | 2 . The area of the overlap region will remain identical if we replace the input state by any of the output states. If measurement outcome is determined by hidden-physical state, then for a specific pair |ψ 1 >, ρ ψ1 after state discrimination the probability to obtain |ψ 2 >, correlated to ρ ψ2 must be integral of ρ ψ1 over all λ's in the overlap region (R) 3 between two distributions ρ ψ1 and ρ ψ2 , i.e.,
where ξ(|ψ 2 >, λ) ∈ {0, 1} is the apparatus response function which governs the firing of a given (perfect) detector. If underlying hidden-physical states are to reproduce the quantum mechanical probabilities, then one must have
VI. CRITICAL DETECTION EFFICIENCY FOR MAXIMALLY ψ-EPISTEMIC MODELS
Let us now take for p 1 the absolute square of the overlap between two quantum states, i.e. if |ψ 1 >= cos
By plugging this and (4) into (2) we obtain the critical value of detection efficiency as a function of θ. This result is plotted in Fig. 4 . The discontinuities in the graph are due to the ceiling function x used. It is easy to notice that the choice of θ which leads to the lowest detection efficiencies is when the transitions are taking place, i.e. when n * = 1 log 2 (1+tan(
is an integer. Each one of the discontinuous curves is drawn for a specific n * . Also, different sets of curves are obtained in a decreasing order of n * . Precisely, the rightmost and the leftmost curves are drawn for n * = 2 and n * = 7, respectively.
We can also find the critical detection efficiency as a function of subsystems by taking θ's which correspond to integer values of n * . These values are given in Ta detection efficiency is 81.3% and it is reached for an experiment with four subsystems.
VII. CONCLUSIONS
We studied the detection efficiency loophole in the context of PBR theorem. We have pointed out that without additional assumptions the theorem only holds in the ideal case. Then we considered maximally ψ-epistemic models and obtained critical detection efficiency of 81.3%. It is worth noting that this value is reached neither by the simplest case of 2 subsystems or in the limit of infinitely many but by four.
Our result shows that the detection efficiency loophole in PBR theorem is much stronger than in the case of Bell inequalities. Not only it compromises the theorem completely without any other assumptions, but even when the strongest additional assumption is made the obtained critical value of detection efficiency is very high. Yet, it is almost within reach of the current state-of-theart technology and we hope a loophole free refutation of maximally ψ-epistemic models is performed soon.
